Abstract: An exact solution of the three-dimensional spherical symmetry inverse-squareroot potential V (r) = − α √ r , including scattering and bound-state solutions, is presented. 
Introduction
The inverse-square-root potential V (r) = −α/ √ r is a long-range potential which has both scattering states and bound states. As a long-range potential, the inverse-square-root potential has a much longer range than the Coulomb potential. Its scattering state has a very different asymptotic behavior from that of the Coulomb potential. Its bound state, other than that of the Coulomb potential, has no closed classical orbits. An exact solution of the inverse-square-root potential enables us to investigate the behavior of long-range potentials deeply.
The inverse-power potential V (r) ∼ 1/r s with 0 < s < 2 is a long-range potential and has both scattering states and bound states; while V (r) ∼ 1/r s with s ≥ 2 is a shortrange potential and has only scattering states. The short-range power potential, 1/r s with s ≥ 2, has only scattering states and can be generally treated [1, 2] . The long-range power potential, 1/r s with 0 < s < 2, only when s = 1, the Coulomb potential, is exactly solved. In this paper, we present an exact solution of the inverse-square-root potential --one other long-range potential.
The first thing we need to do is to determine the boundary condition, the value of the wave function on the boundary. At infinity, for scattering states, the wave function must equal the large-distance asymptotics; for bound states, the wave function must equal zero.
Different long-range potentials have different scattering boundary conditions, because the boundary condition of long-range-potential scattering at infinity is the large-distance asymptotic solution of the potential and, in general, the asymptotic solutions of different long-range potentials are different. Therefore, we have to determine the scattering boundary condition one by one for various long-range potentials, rather than short-range-potential scattering in which all potentials have the same scattering boundary condition. For this reason, in order to solve the inverse-square-root potential, a long-range potential, we need to solve its large-distance asymptotic solution first.
In section 2, we convert the radial equation of the inverse-square-root potential to the biconfluent Heun equation. In section 3, we solve the regular solution and in section 4 we solve the irregular solution. The exact solutions of bound and scattering states are given in section 5. The conclusion is given in section 6.
Radial equation
The radial wave function R l (r) = u l (r) /r of the inverse-square-root potential
is jointly determined by the radial equation
and the boundary conditions at r = 0 and at r → ∞. At r = 0, both for scattering states and bound states, the boundary condition is u l (0) = 0 (in fact, for the regular solution we use a stronger condition lim r→0 u l (r) /r l+1 = 1). At r → ∞, for scattering states, the boundary condition is u l (r → ∞) = u ∞ l (r), where u ∞ l (r) is the large-distance asymptotic solution of the radial equation (2.2); for bound states, the boundary condition is u l (r → ∞) = 0.
By introducing z = √ −2ikr and
where λ = α/ √ 2ik 3 and A l a constant, we convert the radial equation (2.2) into an equation of f l (z):
The equation of f l (z), eq. (2.4), is just the so-called biconfluent Heun equation [3] .
Regular solution
The regular solution is a solution satisfying the boundary condition at r = 0. At r = 0, the boundary condition for both bound states and scattering states is [4] 
because the asymptotic solution of the radial equation (2.2) at r = 0 is u l (r) r→0 ∼ r l+1 [5] .
The biconfluent Heun equation, eq. (2.4), has two linearly independent solutions [3] ,
where N (α, β, γ, δ, z) is the Heun biconfluent function [3, 6] , the constant 4) and the coefficient d ν is given by the recurrence relation
The solution can be determined by the boundary condition (3.1).
The Heun biconfluent function has the expansion [3]
where the coefficient A n is given by
and (a) n = Γ (a + n) /Γ (a) is Pochhammer's symbol. Obviously, only f l (z) = y 
This is the regular solution.
Irregular solution
The irregular solution is a solution satisfying the boundary condition at r → ∞. At r → ∞, the bound state and the scattering state require different boundary conditions.
Scattering boundary condition
The scattering boundary condition is determined by the asymptotic solution of the radial equation (2.2) at r → ∞. For long-range potentials, the asymptotic behavior is determined by the potential, so different potentials give different scattering boundary conditions. As a comparison, for short-range potentials, the large-distance asymptotic behavior is determined by the centrifugal potential l (l + 1) /r 2 which indeed comes from the kinetic energy rather than the external potential, so the asymptotic solution and, then, the scattering boundary condition, are the same for all short-range potentials.
To determine the scattering boundary condition, we first solve the asymptotic solution of the radial equation (2.2) .
Writing the radial wave function u l (r) as
and substituting into the radial equation (2.2) give the equation of h (r):
2)
The leading-order contributions on the right-hand side and the left-hand side of eq. (4.2) must be the same order of magnitude, so we have
Repeating the procedure in eq. (4.1) and taking the result given by eq. (4.4) into consideration, we write the radial wave function u l (r) as
and substitute into the radial equation (2.2). We then have the equation of g (r):
By the same reason, we have
This gives
Again, repeating the above procedure, we write the radial wave function u l (r) as
and substitute into the radial equation (2.2). We then have the equation of v (r):
(4.11)
It can be directly seen that
This means that when r → ∞, the contribution of v (r) vanishes and does not need to be taken into account.
We can now write down the asymptotic radial function:
The scattering boundary condition, then, can be written as
It is worth to compare the scattering boundary condition (4.14) with the scattering boundary condition of the Coulomb potential, lim r→∞ exp ±i kr − 
Irregular solution
With the scattering boundary condition at r → ∞, eq. (4.14), we can now determine the irregular solution which is the solution satisfying the boundary condition at r → ∞. The biconfluent Heun equation (2.4), which relates the radial equation by the substitution (2.3), has two linearly independent solutions satisfying the scattering boundary condition (4.14) [3] 
n≥0 a n z n , (4.15)
where B + l (α, β, γ, δ, z) and H + l (α, β, γ, δ, z) are another two kinds of the biconfluent Heun functions, which is different from the biconfluent Heun functions mentioned above, and the coefficients a n and e n are given by
2 (n + 2) a n+2 + λ 3 + (2n + 3) λ a n+1 + 1 4 λ 4 − (n + 1) λ 2 + n (n + 2) − 4l (l + 1) a n = 0 (4.18) and e 0 = 1,
2 (n + 2) e n+2 − λ 3 − (2n + 3) λ e n+1 − 1 4 λ 4 + (n + 1) λ 2 + n (n + 2) − 4l (l + 1) e n = 0.
(4.20)
These two solutions both are irregular solutions.
Bound state and scattering state
In order to achieve the bound-state and scattering-state solutions, we first express the regular solution (3.10) as a linear combination of the two irregular solutions [3] : 
Here, we use the expansions (4.15) and (4.16) for convenience in analyzing the asymptotic behavior of the solution.
Bound state
By analytical continuation k to the complex plane, we can consider k along the positive imaginary axis. On the positive imaginary axis, we define
It can be directly seen that the first term vanishes when r → ∞ due to the factor exp (−κr + α √ r/κ) and, in contrast, the second term diverges when r → ∞ due to the factor exp (κr − α √ r/κ). Clearly, when K 2 4l + 2, 2λ, λ 2 , 0 equals zero, the solution u l (r) will satisfy the bound-state boundary condition. That is to say, the zeroes of the coefficient K 2 4l + 2, 2λ, λ 2 , 0 corresponds to the bound state. This implies that the zeroes of K 2 4l + 2, 2λ, λ 2 , 0 on the imaginary axis determines the spectrum of the bound state. Consequently, the spectrum of the bound-state eigenvalue is determined by
where [3]
6) with
Eq. (5.5) is an implicit expression of the bound-state spectrum. The bound-state eigenfunction is then 8) where the eigenvalue κ is given by eq. (5.5) and C is a normalization constant.
Scattering state
It is known that the singularity on the positive imaginary axis of the S-matrix corresponds to the spectrum of bound states [2] . While, as pointed above, the zeroes on the positive imaginary of the coefficient K 2 4l + 2, 2λ, λ 2 , 0 correspond to the spectrum of bound states. Therefore, the zeroes on the positive imaginary of K 2 4l + 2, 2λ, λ 2 , 0 are just the singularities of the S-matrix. Considering that the S-matrix
is unitary, we then have
where
By the S-matrix (5.10), we can construct the scattering wave function. The scattering wave function can be generally written as u l (r) = A l (−1) l+1 u in + S l u out with u in = u * out , where u in and u out are the radially ingoing and outgoing waves, respectively [2] . Now we can write down the scattering wave function
At r → ∞, we have the large-distance asymptotics
The scattering phase shift here, by eqs. (5.9) and (5.10), is
Conclusion
In this paper, we present an exact solution of the spherical symmetry inverse-power potential −α/ √ r. It is worthy to emphasized here that we can put a stronger definition for long-range potentials: if the asymptotic behavior of a potential is the same as that of short-range potentials, i.e., large-distance asymptotics is e ±ikr , the potential is a short-range potential. Under this definition, the inverse-power potential V (r) ∼ 1/r s with 0 < s < 1 is a longrange potential, but V (r) ∼ 1/r s with 1 < s < 2 is a short-range potential. Even under such a stronger definition, the inverse-power potential α/ √ r is still a long-range potential. The three-dimensional inverse square root potential is a long-range potential. The difficulty of the study of long-range-potential scattering is that the scattering boundary condition is determined by the external potential rather than the centrifugal potential as that in short-range-potential scattering. Scattering boundary conditions for different largedistance potentials are different. To seek the scattering boundary condition for long-range potentials needs to first determine the large-distance asymptotic solution. There are some discussions on the long-range-potential scattering [7] [8] [9] . Scattering by combination of known long-range and unknown short-range potentials is studied by the renormalization-group method [10] . The late-time dynamics of the wave equation with a long-range potential is discussed in ref. [11] . The spectral property of scattering matrix of the Schrödinger operator with a long-range potential is considered in ref. [12] . Scattering on black holes is essentially a kind of long-range scattering. [13, 14] . The partial derivative of scattering phase shifts with respect to wave number k for long-range potentials is given in ref. [4] . There are many efforts on seeking the scattering phase shift [15, 16] . There are also studies on the orbit in power-law potentials [17] , the screened Coulomb potential, and the isotropic harmonic oscillator [18] . The number of bound states [19, 20] , the number of eigenstates [21, 22] , the conditions for the existence of bound states [23, 24] are also important problems.
